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1. INTRODUCTION 
The problem of the construction of a dynamical system using the solutions 
of a nonautonomous differential equation is much harder than the corresponding 
problem for autonomous equations. Sell [9] showed that the use of the trans- 
lations of a function and the “limiting equations” provide a method of con- 
structing a local flow with the solutions of a nonautonomous equation x’ = f  (x, t) 
and the translation of the function f. This flow is very useful in studying stability 
and existence of periodic and almost periodic solutions. 
In this paper we derive the generalization of this construction to a Banach 
space. When studying differential equations in infinite-dimensional spaces 
it is important to restrict ourselves to an appropriate class of functions such 
that the existence of a solution is guaranteed, because it is known [6] that 
Peano’s theorem is valid if and only if the phase space is finite dimensional. 
In this paper we consider f(x, t) to be an or-Lipschitz function in the first 
variable (see definition below) with some additional properties. The class of 
ry-Lipschitz functions is noteworthy because it was proved [lo, 121 that there 
is a close relationship between an a-Lipschitz function and a function that is 
the sum of a completely continuous function and a Lipschitz continuous 
function. Ambrosetti [I] proved an existence theorem for the differential 
equation 
x’ = f(X, Q, 
x(to) =Y x0 
when f  is or-Lipschitz and uniformly continuous. This theorem is an important 
tool in our work. 
In Section 2 we introduce the notation that will be used throughout the 
paper. In Section 3 we derive the construction of a local flow, and in Section 4 
we give some applications of this flow to study the stability and the existence 
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of periodic and almost periodic solutions of (1). We hope in further papers 
to apply these results to some functional and partial differential equations 
that can be reduced to ordinary differential equations. 
2. NOTATION 
In the following, X will be a Banach space with norm 11 .I\, R the set of real 
numbers, and J? an open subset of X. We shall denote by b the collection 
of all bounded sets in Q x R such that their closures are also in Sz x R and 
by C,(Q x R, X) the set of all continuous mappings from Q x R into X 
which are bounded on every set in 8. A metric topology is defined in 
C,(sZ x IR, X) by f,, + f if fn(x, t) + f(x, t) uniformly on every set in b. 
For any function f in C,(D x R, X) we denote ft the function defined on 
QxRby 
ft(& 4 = f(.? t + s) 
that is also in C,(sZ x R, X), and H(f) will be the closure in C,(Q x R, X) 
of the set (ft: t E W}. 
For every bounded set B in X we recall that the a-measure of noncom- 
pactness is defined by a(B) = inf{e > 0; B can be covered by finitely many 
sets of diameter less than c}. 
We shall call 9I the subset of C,(Q x R, X) formed by all mappings which 
satisfy the following three conditions: 
(A) For every .Y~ in Q there exists a neighborhood S of x,, in Q and a 
nonnegative number K such that if A is a bounded subset of S, the closure 
of A is contained in Q, and t is a real number, then 
(B) f is uniformly continuous on every set of b. 
(C) For every g in H(f), x,, in Q, and to in R the solution of the initial 
value problem (IVP) 
x’ = g(x, t), 
x00) = x0 
(2) 
is unique. 
We recall what a local flow is ([8, &Cl). 
DEFINITION. Let X be a metric space. For each point x in X let 1, = 
(az, flz) be an open interval in R containing 0. Let DC X x R be defined by 
D = {(x, t)eX x R: teI,}. 
505l34/2-6 
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A function ?r: D + X is said to be a local flow on X if the following properties 
hold: 
(i) X(X, 0) = x for every x in X. 
(ii) I f  t E 1, and s E I,,cxSt) , then (t + S) E 1, and V(W(X, t), S) = ~(x, t + s). 
(iii) ir is continuous. 
(iv) Each interval I, is maximal in the sense that either R = 1, or the 
set {~T(x, t): 0 < t < /33E> is not conditionally compact if pz < + co, or the set 
{n(x, t): 01, < t < 0} is not conditionally compact if 0~~ > ---CO. 
(v) The intervals 1, are lower semicontinuous in x, i.e., if x, ---f x then 
1, C lim inf IT* . 
Finally, if A is a set in X and I a real number we denote B(A, r) the set 
{x E X, there exists a point y  in A such that /I x - y  /I < Y). 
3. CONSTRUCTION OF A FLOW 
In this section we shall prove that a local flow can be constructed for the 
nonautonomous differential equation (1) when f  is a function in %. To do 
this we need four lemmas. 
The first lemma may be proved in a way similar to the finite-dimensional 
case [S, II&E, p. 311. 
LEMMA 1. If  f  is in ‘% the mapping (t, g) + g, from R x H(f) into H(f) 
is continuous. 
Remark. Although some generalizations [5, 7, 1 l] of Ambrosetti’s theorem 
omit the uniform continuity on the sets in 23, this condition cannot be omitted 
in the above lemma. 
LEMMA 2. If  f  is a mapping in 2l and g is in H(f), then g is also in 2f. 
Proof. I f  for any 7 the function g is equal to f7 , the proof is trivial. Other- 
wise, there exists a sequence {tn} of real numbers such that ft, -g in 2I. Let 
x,, be a point in Q; there exists a neighborhood S of x,, and a nonnegative number 
K such that 
4f,,(A, t)) < -(A) (1) 
for every positive integer 71, where A is a bounded subset of S, the closure 
of A is in Q, and t is a real number. Furthermore, if t is fixed, for every E > 0 
there exists a positive integer N such that 
Ilft&G 9 - g(s t)ll -==L E> 
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where x is in A. From (1) there exists a finite cover {A,} i = I,..., rz offthr(r2, t) 
such that diam Ai < M(A) + E. If  we denote Bi the set B(A, , E) the family 
{Bi} i = l,..., n is a finite cover of g(kl, t) and diam Bi < Ka(4 + 3~. Since 
E is arbitrary we have ol(g(A, t)) < Km(A). 
Using a straightforward argument it can be proved that g satisfies condition 
(B). In order to prove (C) note that the mapping (t, f) 4 ft defines a dynamical 
system. Then H(g) is contained in H(f) for every g in H(f). 
LE~IA 3. Let f  be a mapping in W, {f “> a sequence in H(f) which converges 
to a mapping f  O in H(f), {t,,} a sequence of real numbers which conaerges to a 
real number to , and (xR} a sequence in .Q which converges to a point so in Q. dssume 
that f” satisfies (A) 011 the ball B(xo , R), b is an arbitrary positive number, 
B(xo 9 R) x (to - b, to + b) is in 8, and M is a bound of f  ON B(s, , R) x 
(to - 6, to + b). Then, there exists apositive number 6, 6 = min(R/(4M), I /(2K), b), 
and a positive integer N such that for every n > N, t,, belongs to J = [to - 6, 
to + 61, xn belongs to B(xo , R), and the IVP 
.y’ = . f  ‘k t), 
x,(t,) = x, 
(2) 
has a unique solution u,,(t), which converges uniformly on J to the unique solution 
u,(t) of the I\‘P 
x’ = fO(X, t), 
xo(to) = x0 . 
(3) 
Proof. Since f’” + f” uniformly on B(.r, , R) x (to - b, to + b), it can 
be proved in the same way as in Lemma 1 that there exists a positive integer p 
such that condition (A) is satisfied by every fn (n >, p) on B(s, , R) x 
(to - b, to + b), i.e., for every bounded subset A of B(x, , R), every real number t 
in (to - b, to + b), and every integer (n = 0, p, p + I ,... ), one has 
4f ‘V, t)) < K&4), 
where K does not depend on n. For J = [to - 6, to + 61 there exists an integer 
N, N > p such that t, belongs to / and x, belongs to B(.v, , R/2) if n > N. 
We consider the set C(J, B) of all continuous mappings from J into B with 
the norm 
II u II = supIll W: t E J> 
and define the operators T, , n = 0, N, N + l,..., on C( J, B) by 
T&)(t) = xrz f  j-+44 s) ds. 
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This operator satisfies 
II T&)(t) r- “0 II < II T,(u)(t) - x, II + II x, - ~0 II < R/2 + 2A43 < R. 
Hence T,(u) belong to C(j, B) for n = 0, N, N + l,... . It is easy to prove 
that T, - To uniformly on C(J, B). 
From Ambrosetti’s theorem [l], there exists a solution u, on J for the IVP 
(2), (3) (n = 0, N, N + I,...) and these solutions satisfy Tn(un) = u, 
(n = 0, N, N + l,...) and the inequality 
We denote KC C(J, B) the set of all Lipschitz continuous functions from J 
into B with Lipschitz constants less than or equal to M. K is an equicontinuous, 
closed, and convex set, T,(K) (n > 0) is contained in K, and T,, is an c+contrac- 
tion on K, i.e., there exists a nonnegative number h, h < 1, such that a( T,(H)) < 
ha(H) for every set H contained in K. 
Using the uniform convergence of the sequence T, one has: For every 
f  > 0 there exists an integer N such that 11 T,(u) - To(u)11 < ~12 for each u 
in C(], B) and n > N. Hence if H is contained in K we have 
Since the operators T, obey Hale’s condition [13, Theorem l] the sequence 
u, converges to u. in C(J, B), i.e., un(t) converges to uo(t) uniformly on j. 
LEMMA 4. Let f be a mapping in ‘8, to a real number, and x0 a point in Sz. 
Then the solution of the IVP (1) can be defined on a maximal interval (ar, p). 
Furthermore this interval satisfies: The set {P(x, t): to < t < /3} is not conditionally 
compact if /3 < +OO and the set {rr(x, t): a! < t < to} is not conditional137 compact 
if a > -Tn. 
Proof. The first statement can be proved in a standard way by using 
Ambrosetti’s existence theorem [I] and the unicity of the solution. See [3, 
Chap. IV, 1.61. 
Assume p < +co and denote u: [to, /I) ---f Q the restriction to [to, B) of 
the solution + of (1). We shall prove that for every compact set K contained 
in Q, u-l(K) is a compact set in R. It suffices to prove that there exists a real 
number y  such that u-l(K) is contained in [to, ~1. Otherwise we can choose 
a sequence t, such that t, + /3 and u(tJ is in K. There exists a subsequence, 
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again called t, , such that u(tJ converges to a point c in K. From conditions 
(A) and (B) we find a neighborhood S of c in D such that a solution of the IVP 
zf’ = f(x, t), 43 = c 
is defined on some interval (18 - 6, B + 6). This assertion contradicts the 
fact of being (01, /?) maximal. 
Using these four lemmas we fairly rapidly prove the main result. 
THEOREM 1. Let f be a mapping in 91, g a mapping in H(f), and 4(x”, g, t) 
the unique solution of the IVP 
s = g(x, t), 
x(0) = x 
(4) 
Denote I(x, g) the maximal interval of this solution and D the set {(x, g, t) E Q x 
H(g) x [w; t E 1(x, g)}. We de$ne a mapping n: D 4 Q x H(f) by 
4% g, t> = (&Y g, 4, gt). 
Then r is a local Jlow on Q x H( f ). 
Proof. We claim the following: 
(C) If  {f “} is a sequence in H(f) that converges to g, {xn} a sequence 
in Q that converges to x, and {TJ a sequence of real numbers that converges 
to a number 7 in 1(x, g), then there exists a positive integer N such that for 
every n > N 7, is in l(xn, f”) and +(x~, f”, 7,) converges to 4(x, g, 7). The 
proof of Theorem 1 follows from this claim and Lemmas 1, 2, and 4. To prove 
(C) we apply Lemma 3 to the sequences {f “} -+ g, {x,} + X, and {t, = O> -+ 0. 
Then, there exist a positive integer N and an interval J of real numbers con- 
taining 0 such that for every n 2 N, $(xn , f”, t) is defined on J and+(x, , f”, t) -+ 
4(x, g, t) uniformly on /. I f  7 belongs to the interior of J, (C) follows. Otherwise, 
denote S the nonempty set S = {to E [w+; there exists a positive integer 
n(tJ = n, such that $(x, g, t) and 4(x, , f”, t) are define-’ on [0, t,] for every 
n 3 n, and #(xn , f”, t) --f +(x, g, t) uniformly on [0, t,,]]. 
Let (T be the supremum of S. We shall prove by contradiction that 7 < (T. 
If  7 > 0 the point y  = 4(x, g, 0 is in Q. So there exists a ball B(p, R) in Q ) 
such that (A) is satisfied. We choose a real number U’ < 0 such that (T - 0’ < 
R/WI, 0 - u’ < h/2. Then (A) . is satisfied in the ball B(+(x, g, u’), R/2) that 
is contained in B( y, R). We can again apply Lemma 3 to the sequences {f “> -g, 
{t, = 0’) ---f u’, and {$(.zn, f”, u’)} +4(x, g, a’). It follows that there exists a 
positive integer N such that for every n > N the sequence 4(xn , f”, t) converges 
to 4(x, g, t) uniformly on the set J = [ (T’ - 6, u’ + 61, where 6 = min(R/8M, 
h/2). This contradicts the definition of U. 
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4. COMPACT MOTIONS AND APPLICATIONS 
Ascoli’s lemma does not give a sufficient condition for a motion to be compact 
in the topology of uniform convergence on bounded sets (see [4, X.17; 8, III,E]). 
Nevertheless, in some functional spaces, certain conditions can be obtained 
in order to guarantee the compactness of a motion. 
Assume that X is the Banach space of continuous and bounded functions 
from lFP into lFP with the norm 
/I u 11 = sup{/ u(t)/: t E R) 
and Q is an open set in X. Let f*: Q(W) x Iw + W be a continuous function 
anddefinef:Q x R+Xby 
(f (6 q)(x) = f *(+I, q (.v E w. 
We derive a sufficient condition for the compactness of ft  . 
THEOREM 4.1. Using the notation above, assume that for ez’ery bounded 
set A in Q, f(A, [w) is a bounded set in X and f* is uniformly continuous on 
A(LW) x [w. Then ft is a compact motion. 
Remark. If  we replace R by Rf an analogous condition for the positive 
compactness of ft  is obtained. 
Proof. (1) Let A be a bounded set in Q and M a bound for f(A, R). 
For every point y  in A&!?) there is a function u in A and a point x in W such 
that U(X) = y. Then 
I f*(r, t)l = I(fb tW)l < M 
for every point (y, t) in A@“) x R. Hence f* is a bounded function on 
clos(A(W)) x [w. 
Since f* is uniformly continuous on A(W) x R it is easy to prove that 
{f T: t E IR} is an equicontinuous and bounded family of functions from 
clos(A(R”)) x R into W. Hence, by Ascoli’s lemma [4, X.171 this family 
is relatively compact in the topology of uniform convergence on compact 
sets in clos(A(W)) x Iw. 
(2) Let {ft,} be a sequence in {f t: t E R} and A x I a set in !B. VVe shall 
prove that there exists a subsequence (f ,;} that converges uniformly on A x I. 
Since the set K = clos(A(lP)) x I is a compact set in clos(A(W)) x Iw, 
from (1) we get that there exists a subsequence {f “I;;} of {f Fn} and a continuous 
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function g*: K + Iw” such that {j$;} converges to g* uniformly on K. We 
defineg: A x I+Xby 
Mu, mx) = g*w>l t), UEA; tEI. 
Then the sequence {ft;} converges to g uniformly on A x I. 
(3) We choose B, x I, in 8 such that B, x I, = {(x, t) E Q x R: 
1 JC 1 < n, ] t 1 < n}. Then Sz x R = (Jz==, (B, x I,). Let {ft,> be a sequence 
in {ft: t E R}. By (2) there exists a subsequence {f$,l} and a function g,: B1 x 
I1 - [w” such that {ftnl} converges to g, uniformly on B, x Ii . By induction, 
if {ft k> converges to g, uniformly on B, x Ik there exists a subsequence 
{f++lj of {ft k} and a function g,,,: B,,, x Ik+r + FP such that gk+l 1 B, x 
Ik L g, and ~jft~+~} converges to gk+t uniformly on B,,, x Ikfl . By choosing 
a diagonal sequ&ce we obtain a subsequence (ft;} of {ft,} that converges to g 
uniformly on every B, x I, where g is the unique function from Q x R into X 
which satisfies g 1 B, x I, = g, . I f  A x I is a set in b, there exists an integer n 
such that A x I C B, x I, . Hence {ft;} converges uniformly on A x I. 
In the general case, we can prove the compactness of the motion when f 
is an almost periodic function. We recall that f is almost periodic if for every 
E > 0 the set 
E(E) = (7: II f(x, t) - f(x, t + T)II < E Vt E R vx E Q> 
is relatively dense. It is clear that f  is almost periodic if f  is periodic. It is easy 
to prove the following lemma. 
LEMMA 4.1. Let fn be an almost periodic function in 91. Then the motion ft 
is compact. 
Applying this lemma we can prove the following three theorems as in [8] 
for finite-dimensional spaces. 
THEOREM 4.2. I f  f  is an almost periodic function in ‘$1 and there exists a 
positively compact solution 4(x, f ,  t) of (1) that is stable with respect to Q(f), 
then (1) has an almost periodic solution. 
THEOREM 4.3. I f  f  is a periodic function in VI and there exists a positively 
compact solution 4(x, f ,  t) of (1) that is uniformly stable, then (1) has an almost 
periodic solution that is uniformly stable. 
THEOREM 4.4. If f  is a periodic function in ‘8 and there exists a positively 
compact solution 4(x, f,  t) of (1) th a is uniformly asymptotically stable, then t 
(1) has a periodic solution that is uniformly asymptotically stable. 
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